Abstract. We develop a method of calculation for the symplectic Floer homology of composite knots. The symplectic Floer homology of knots defined in [15] naturally admits an integer graded lifting, and it formulates a filtration and induced spectral sequence. Such a spectral sequence converges to the symplectic homology of knots in [15] . We show that there is another spectral sequence which converges to the Z-graded symplectic Floer homology for composite knots represented by braids.
Introduction
For integral homology 3-spheres Y , Casson defined an integral invariant which roughly counts the number of irreducible SU (2) representations of the fundamental group π 1 (Y ); Floer developed a Z 8 -graded instanton homology theory based upon an application of Morse theory to the Chern-Simons functional on the space B Y of equivalence classes of SU (2) connections on Y (see [7] ). The Euler characteristic of the instanton Floer homology is twice Casson's invariant. Lin [20] studied the special representations of knot group π 1 (S 3 \ K) into SU (2) such that all meridians of knot K are represented by trace-zero matrices, and defined an invariant λ CL (K) for the knot K. The present author [15] developed a symplectic Floer homology based upon the Atiyah conjecture that there is no difference between the instanton Floer homology and the symplectic Floer homology for the integral homology 3-spheres. Our symplectic Floer homology generalizes the invariant of Lin, and its Euler characteristic is the negative of λ CL (K). For SU (2) representations of π 1 (S 3 \ K) with the trace of all meridians fixed (not necessary zero), Cappell, Lee and Miller [3] , independently Herald [12] , defined the equivariant knot signature from the symplectic theory and the gauge theory points of view; the present author extended the symplectic Floer homology in [15] to the general case which the Euler characteristic is the equivariant knot signature in [17] .
In this paper, we study the Mayer-Vietoris principle for the symplectic Floer homology defined in [15, 17] . We only restrict to the trace-zero case in [15] (the general case in [17] is similar). The natural operation among knots is the connected sum which is well-defined for the equivalence classes of knots. The sum operation is commutative and associative.
Denote K = K 1 #K 2 for the connected sum of knots or the composite knot of K 1 and K 2 . It turns out that there is a nice algebraic topology method to compute the symplectic Floer homology of the composite knot in terms of the ones of K 1 and K 2 . The method we used in this paper is in principle the same for the instanton Floer homology [16, 18] .
It is easy to see that the special representations of composite knot consists of two different types: a single special representation arising from one knot and the unique reducible special representation from the other, a circle of special representations arising from irreducible special representations of both knots (see Proposition 3.1). The circle can also be interpreted as a gluing parameters for two irreducible flat connections of the knot complement in [12] . We show that such a circle is a nondegenerate critical submanifold of the symplectic action in the Bott sense [2] . A natural algebraic topology method is to filter the critical submanifolds and to form a spectral sequence. This can not be done directly to our symplectic Floer homology in [15, 17] since the symplectic Floer homology of knots is Z 2N -graded in general (N = N (K) is not necessary zero). To overcome this difficulty, we define a Z-graded symplectic Floer homology of the braid which is an integral lifting of the one in [15] (see [9] ). Using the monotonicity and some properties of the special representation variety, we show that there is a well-defined Z-graded symplectic Floer homology of braids. The Zgraded symplectic Floer homology is only invariant under the Markov move of type I and its inverse (Proposition 2.11), not invariant under the Markov move of type II and its inverse. But there exists a nice relation between the Z-graded and Z 2N -graded symplectic Floer homologies. One of our main theorems is the following.
Theorem A:
1. There is a spectral sequence (E k n,j (φ β ), d k ) for K = β with the E 1 n,j (φ β ) term given by the Z-graded symplectic Floer homology of the braid representing the knot K. 2. The spectral sequence (E k n,j (φ β ), d k ) converges to the Z 2N -graded symplectic Floer homology of the knot K = β.
Then we formulate a well-defined filtration for the Z-graded symplectic Floer chain complex of the braid representing the composite knot via the critical submanifolds. The filtration for the Z-graded chain complex of the composite knot derives another spectral sequence. Such a spectral sequence converges to the Z-graded symplectic Floer homology of the composite knot. Using Theorem A, we obtain the Z 2N -graded symplectic Floer homology of the composite knot.
Theorem B:
1. There is a spectral sequence (E r p,q (φ β ), d r ) determined by the filtration (18) for the braid β = β 1 Σ n−1 (β 2 ) of the composite knot K 1 #K 2 . 2. The spectral sequence (E r p,q , d r ) collapses at the third term. Thus E 3 * , * = E ∞ * , * gives the Z-graded Floer homology I (r 1 ,r 2 )By Theorem B, there are only two differentials needed to identify in order to compute the Z-graded symplectic Floer homology of the braid representing the composite knot. The differential d 1 basically consists of the integral differential on each braid β j (j = 1, 2) and plus two special boundary maps contributed from/to the unique reducible special representation of K j (j = 1, 2). This is done by a cobordism argument for the moduli spaces of J-holomorphic curves with variations of Hamiltonian functions. We do not know how to characterize the differential d 2 at this moment.
See Definition 4.1 for the two special boundary maps d K j and δ K j (j = 1, 2). This paper is organized as follows. In §2.1, we briefly review the symplectic Floer homology of knots, and extend the Z 2N -graded theory of knots to the Z-graded theory of braids in §2.2. Using a spectral sequence, we link these two theories together in §2.3. Theorem A is proved in Theorem 2.11, Theorem 2.14 and Theorem 2.15. The filtration for the Z-graded chain complex of the braid representing the composite knot is formulated in §3.1. Theorem B is proved in §3.2 as Theorem 3.9 and Proposition 3.10. §4 devotes to the proof of Theorem C (Theorem 4.3).
2. The symplectic Floer homology of a braid 2.1. The Floer homology of braids. We briefly recall our definition of the Floer homology of braids in this subsection. See [15] for more details.
For any knot K = β with β ∈ B n braid group, the space R(S 2 \ K) [i] can be identified with the space of 2n matrices
There is a unique reducible conjugacy class of representations s K :
The space R * (S 2 \K) [i] is a monotone symplectic manifold of dimension 4n−6 by Lemma 2.3 in [15] . The symplectic manifold (M, ω) is called monotone if π 2 (M ) = 0 or if there exists a nonnegative α ≥ 0 such that I ω = αI c 1 on π 2 (M ), where I ω (u) = S 2 u * (ω) ∈ R and I c 1 (u) = S 2 u * (c 1 ) ∈ Z for u ∈ π 2 (M ). The braid β induces a diffeomorphism φ β :
. The induced diffeomorphism φ β is symplectic, and the fixed point set of φ β is R * (S 3 \ K) [i] (see Lemma 2.4 in [15] ).
Hamiltonian function with H(x, s) = H(φ β (x), s + 1). Let X s be the corresponding vector field from ω(X s , ·) = dH s (·, s), and
Let Ω φ β be the space of smooth contractible paths α in R * (S 2 \ K) [i] such that α(s + 1) = φ β (α(s)). The symplectic action a H : Ω φ β → R/α2N Z is given by
So the critical points of a H are the fixed points of φ H β . For
, where µ u is the Maslov index and N = N (K) is the first Chern number of the tangent bundle of R * (S 2 \ K) [i] . The symplectic Floer chain complex is defined by
The following is the Proposition 4.1 and Theorem 4.2 in [15] . 
2.2.
The Z-graded symplectic Floer homology of braids. In this subsection, we extend our Z 2N -graded Floer homology to the Z-graded symplectic Floer homology of braids provided αN = 0. If αN = 0, then the symplectic Floer homology of braids defined in [15] is Z-graded. Using a compatible filtration, we obtain a spectral sequence. The E 1 term of the spectral sequence is the Z-graded Floer homology of a braid, and E ∞ gives the Z 2N -graded Floer homology. Lemma 2.2. The symplectic manifold R * (S 2 \ K) [i] is path connected.
Proof: We prove this result by induction on the braid group B n . For n = 2 (i.e., the knot
is a pillow case in [15, 20] . So the manifold R * (S 2 \ K) [i] is path connected. In particular, the space
Applying the conjugate operation on X n and Y n , we may assume that
If θ = 0 and π, then we get two copies of (H n−1 \ S n−1 )/SU (2) which is path connected by the inductive hypothesis. For 0 < θ < π, the equation (3) becomes
to the space R θ ′ . In particular, they are all diffeomorphic to R π/2 . In this case, we see that
is a generalized pillow case:
It is clear that elements in R θ can be path connected to elements in R θ ′ . So the manifold R * (S 2 \ K) [i] is path connected.
I owe this idea to X-S. Lin. For the path connected manifold R * (S 2 \ K) [i] and α i ∈ Ω φ β (i = 0, 1), there is a path γ in R * (S 2 \ K) [i] connecting α 0 (0) to α 1 (0). The space Ω φ β is path connected so that π 1 (Ω φ β , α 0 ) is independent of a based point α 0 ∈ Ω φ β . Let z 0 ∈ Fix (φ β ) ⊂ Ω φ β be the base point. Proof: The function space Ω φ β = Map(I, 0, 1; R * (S 2 \ K) [i] , z 0 ) has the homotopy type of a CW complex and so an associated universal covering space. By Milnor's theorem 3.1 in [21] , there is a universal covering space Ω * φ β of Ω φ β . Note that over this CW complex there is a universal covering space and so we can pull-back via the homotopy equivalence to the covering space over Map(I, 0, 1; R * (S 2 \ K) [i] , z 0 ). As long as we work in the CW category this covering space is as good as the universal covering space.
Using the standard algebraic topology in [26] , we can identify the transformation group of the universal covering space of Ω φ β .
Lemma 2.4. The transformation group of
Proof: Let u(t) ∈ Ω φ β be a map from I to R * (S 2 \ K) [i] with u(t)(0) = u(t)(1) = z 0 and u(t)(s) is contractible path as a path in the variable s. Any loop u(t) ∈ Ω φ β with
Note that the set of homotopy classes of maps in (4) is in one-to-one correspondence with π 2 (R * (S 2 \ K) [i] , z 0 ) (see [26] ).
The pullback a * H (R) =Ω φ β → Ω φ is an infinite cyclic subcovering space of the abelian universal covering space Ω *
Now the closed 1-form da H (z) has a functionalã H up to a constant such thatã H :Ω φ β → R is well-defined. By adding a constant, we assumeã H (z 0 ) = 0. For a transformation
where deg(g) is defined as I ω (g) = deg(g)α(2N ). Let Imã H (Fix φ β ) be the image ofã H of Fix φ β ; modulo 2αN Z, Imã H ( Fix φ β ) is a finite set. Thus a set R φ β = R \ Imã H ( Fix φ β ) consists of the regular values of the symplectic actionã H onΩ φ β . We construct a Z-graded symplectic Floer cohomology for every r ∈ R φ β . Given x ∈ Fix φ β ⊂ Ω φ β , let x (r) ∈ Fix φ β ⊂Ω φ β be the unique lift of x such that a H (x (r) ) ∈ (r, r + 2αN ). Note that if αN = 0 then one already has an Z-graded symplectic Floer homology as in [15] , so we work on the case αN = 0. To cover the case αN = 0, we may choose r < min{a H (Fix φ β ), (mod 2αN )} in the interval (0, 2αN ). Then there exists a unique element x such thatã H (x (r) ) ∈ (r, r + 2αN ). Let µ (r) (x) = µ(x (r) , s K ) ∈ Z (the unique reducible conjugacy class s K of representations in R(S 3 \ K) [i] ) and define the Z-graded symplectic Floer chain group
as the free Z module generated by x ∈ Fix φ β with the lift x (r) and µ(x (r) , s K ) = n.
If z 0 (s K ) is another choice of a based point z 0 (respectively s K for the Maslov index) and g(z 0 ) = z 0 (g(s K ) = s K ) for some covering transformation g ∈ π 1 (Ω φ β ), then the corresponding choice of lift x (r) of x is just g(x (r) ) by the uniqueness. Note that the integral Maslov index µ (r) u (x) is independent of the choice of the based point z 0 (s K ) used in the definition of a H by (5) . We may choose z 0 = s K for simplicity on both lifts of the symplectic action and the Maslov index (see [9] ). The following lemma shows that the lift of the functional a H is compatible with a universal lift of R/2αN Z( ∼ = S 1 ) via the monotonicity of the symplectic manifold R * (S 2 \ K) [i] .
Lemma 2.5. The lift of the symplectic action overΩ φ β is compatible with the one of the Maslov index: for
Proof: The result follows from the definition ofΩ φ β and the monotonicity of (R * (S 2 \ K) [i] , ω) (see Lemma 2.3 in [15] ). So the Maslov index also provides an integral lifting of element x ∈ Fix (φ β ).
where M(x, y) denote the union of the components of 1-dimensional moduli space of Jholomorphic curves andM(x, y) = M(x, y)/R is a zero dimensional moduli space modulo the time translation. The number #M(x, y) counts the points with sign in [8, 15] .
Note that the boundary map ∂ (r) only counts part of the boundary map in Proposition 4.1 of [15] . We are going to show that ∂ (r) • ∂ (r) = 0. The corresponding homology groups are the Z-graded symplectic Floer homology I (r) * (φ β ), * ∈ Z. See [14, 24] for the following.
compact up to the splitting of two isolated trajectories for J ∈ J * (φ β ).
Proposition 2.7 plays the key role in showing that ∂ • ∂ = 0 (see [15] §4). We follow the same argument in [9, 15] to show that ∂ (r) • ∂ (r) = 0.
Lemma 2.8. Under the same hypothesis in Proposition 2.7,
By Proposition 2.7, the boundary of the 1-dimensional manifoldM(x, z) = M(x, z)/R corresponds to two isolated trajectories M(x, y)×M(y, z). Each term #M(x, y)·#M(y, z) is the number of the 2-cusp trajectory ofM(x, z) with y ∈ C (r) n (φ β ). For any such y there are J-holomorphic curves u ∈ M(x, y) and v ∈ M(y, z). The other end of the corresponding component of the 1-manifoldM(x, z) corresponds to the splitting M(x, y ′ ) × M(y ′ , z) with
It is impossible for y ′ to be the reducible s because the U (1) symmetry group would add one more parameter to the moduli space. ThenM(x, z) has an one parameter family of paths from x to z with ends u#v and u ′ #v ′ for appropriate
So µ (r) (ỹ) = n; andỹ = y (r) is the preferred lift, thus we haveũ ∈M(
path with ends (x (r) , z (r) ). The symplectic action a H is non-decreasing along the gradient trajectoryũ
By the uniqueness,ỹ ′ = (y ′ ) (r) and using (8) for
n (φ β ). Thus the algebraic number of two-trajectories connecting x (r) and z (r) with index 2 is zero by the orientation discussed in [8] .
n ) n∈Z is indeed a Z-graded symplectic Floer chain complex of the braid β ∈ B n . We call its homology to be a Z-graded symplectic Floer homology, denoted by
From the construction we have that
where α(2N )(> 0) is the minimal number in ImI ω | π 2 (R * (S 2 \K) [i] ) . The relation between I (r) * (φ β ) and HF sym * (φ β ) will be discussed in §2.3. In the following, we notice that the Z-graded symplectic Floer homology I (r) * (φ β ) is not a knot invariant in general. Let {(J λ , H λ } λ∈R be an 1-parameter family that interpolates from (J 0 , H 0 ) to (J 1 , H 1 ) and is constant in λ outside [0, 1] . Define the perturbed J-holomorphic curve equations
with the moving conditions u λ (s + 1, t) = φ λ 1 (u λ (s, t)) and the asymptotic values
This directly generalizes the J-holomorphic curve equation in the case of (J 0 , φ β,H 0 ) and
where H is the Hamiltonian function which makes all Fix (φ β ) nondegenerate and isolated. So the number C
, and by Gromov's compactness theorem [6, 14, 24] we have
We set a deformation {J λ , H λ } satisfying the usual perturbation requirements in [6, 14] , and also satisfying
for all z ∈ Ω φ β . These deformation conditions can be achieved by the density statement in [6, 14, 24] .
Let P 1,ε/2 be the set of {J λ , H λ } which satisfies these extra conditions (14) . The moduli space M λ (x, y) of (12) and (13) has the same analytic properties as the moduli space M(x, y) except for the translational invariance. Definition 2.9. For each n and {J λ , H λ } ∈ P 1,ε/2 , let
is the algebraic number of the moduli space M 0 λ (x 0 , x 1 ) with compatible orientation given by [8] .
Proposition 2.10. For any continuation (J λ , H λ ) ∈ P 1,ε/2 which is regular at the ends,
Proof: The proof follows from the same argument in the theorem 4 of [15] and the method of the proof of Lemma 2.8. See [6, 9] . By Proposition 2.10, the Z-graded symplectic Floer homology {I (r) n (φ β )} n∈Z is invariant under the continuation of {J λ , H λ } ∈ P 1,ε/2 . Proposition 2.11. The Z-graded symplectic Floer homology {I (r) n (φ β )} n∈Z is invariant under the Markov move of type I and its inverse.
Proof: Suppose that we have a Markov move of type I: change β to ξ −1 βξ for some ξ ∈ B n . The element ξ induces a diffeomorphism ξ : Q n → Q n , and a symplectic diffeomorphism ξ × ξ : Q n × Q n → Q n × Q n which commutes with the SU (2) action (see [15] 6] , the induced map f ξ is a chain map, i.e., it commutes with the Z-graded boundary maps. There is an inverse chain map f ξ −1 of f ξ , and an isomorphism
It is clear that the argument goes through for the inverse operation of a Markov move of type I.
For the Markov move of type II (change β to σ n β ∈ B n+1 ), there is an imbedding g : Q n × Q n → Q n+1 × Q n+1 which induces an imbeddinĝ
See [15] for more details. The imageĝ(φ β ) is invariant under the operation of σ n . The symplectic diffeomorphism φ σnβ can be connected withĝ(φ β ) through a Hamiltonian isotopy ψ t in [15] . Such a Hamiltonian isotopy ψ t is constructed by a rotation about an axis. The Hamiltonian flow induced by ψ t connects two general points in S 2 . The Hamiltonian function H is x 3 or gx 3 for g ∈ SO(3). The function H does not satisfy (14) for small ε (∇H = (0, 0, 1)).
In [25] , Smale proves that the rotation group SO(3) is a strong deformation retract of the orientation preserving C ∞ -diffeomorphisms of S 2 with C r topology. Since the 2-sphere is simply connected, so every symplectic diffeomorphism of identity component is Hamiltonian. Thus any Hamiltonian isotopy connectingĝ(φ β ) with φ σnβ can be obtained by the rotation about certain axis. I.e., the Hamiltonian function is not a small perturbation for the Markov move of type II and its inverse. So the continuation (J λ , H λ ) realizing the Markov move of type II is not in P 1,ε/2 in general. It is interesting to investigate this large perturbation via the method developed in [11] . The homomorphism φ n 01 in Definition 2.9 is not welldefined. So the Z-graded symplectic Floer homology of braids is not invariant under the Markov move of type II and its inverse. Although the Z-graded symplectic Floer homology of braids is not a knot invariant, we formulate a spectral sequence which converges to a knot invariant in the next subsection. The Z-graded symplectic Floer homology of a braid β ∈ B n is a stepping stone to compute the Z 2N -graded symplectic Floer homology of the knot K = β.
2.3.
The spectral sequence for the symplectic Floer homology. In this subsection we are going to show that the Z-graded symplectic Floer homology I (r) * (φ β ) for r ∈ R φ β and * ∈ Z determines the Z 2N -graded symplectic Floer homology HF * sym (φ β ) ( * ∈ Z 2N ). The way to link them together is to filter the Z-graded symplectic Floer chain complex. The filtration, by a standard method in algebraic topology, formulates a spectral sequence which converges to the Z 2N -graded symplectic Floer homology HF sym * (φ β ) of the knot K = β. Definition 2.12. For r ∈ R φ , j ∈ Z 2N and n ≡ j ( mod (2N ) ), define the free Z modules
which gives a natural decreasing filtration on C * (φ β ) ( * ∈ Z 2N ).
There is a finite length decreasing filtration of C j (φ β ) (j ∈ Z 2N ):
Note that the symplectic action is non-decreasing along the gradient trajectories, it follows that the boundary map ∂ :
n−1 C j−1 (φ β ) preserves the filtration in Definition 2.12. The Z 2N -graded symplectic Floer cochain complex (C j (φ β ), ∂) j∈Z 2N has a decreasing bounded filtration (F 
where 
and the higher differential
, and
Proof: (i) Note that
It is standard from [26] that there exists a spectral sequence (E k n,j , d k ) with E 1 term given by the homology of F (r)
n (φ β ) and E ∞ n,j (φ β ) is isomorphic to the bigraded Z-module associated to the filtration F (r) of the Z-graded symplectic Floer homology I (r) n (φ β ).
(ii) Since Fix φ β is a finite set and non-degenerate, so the filtration F is bounded and complete from (15) and (16) . Thus the induced spectral sequence converges to the Z 2N -graded symplectic Floer homology. Note that the grading is unusual (jumping by 2N in each step), we list the terms for Z k * , * (φ β ) and E k * , * (φ β ).
Thus the Floer boundary map ∂ induces the higher differential
Theorem 2.15.
(1) For any continuation (J λ , H λ ) ∈ P 1,ε/2 which is regular at ends, there exists an isomorphism
(2) For each k ≥ 1, E k n,j (φ β ) are the invariants under the continuation (J λ , H λ ) ∈ P 1,ε/2 .
Proof: By Theorem 2.14, we have an isomorphism
n (φ β ; J 0 , H 0 ), so there exists an isomorphism by Proposition 2.10:
n (φ β ; J 1 , H 1 ) which respects the filtration and induces an isomorphism on the E 1 term. Since E 1 n,j (φ β ) is an invariant under the continuation (J λ , H λ ) ∈ P 1,ε/2 by Proposition 2.10 and Theorem 2.14, so (2) follows from Theorem 1 in [26] page 468.
If αN = 0, we already have the Z-graded symplectic Floer homology HF sym n (φ β ) for K = β. All these new spectral sequences should contain more information on (R * (S 2 \ K) [i] ; φ β ), they are also finer than HF sym * (φ β ), * ∈ Z 2N the symplectic homology defined in [15] . If αN = 0, we only have that {E k n,j (φ β )} is invariant under the Markov move of type I and its inverse by Proposition 2.11 and Theorem 1 in [26] page 468. In general {E k n,j (φ β )} 1≤k<k(φ β ) is not an invariant under the Markov move of type II and its inverse, where k(φ β ) is the minimal k for E k n,j (φ β ) = E ∞ n,j (φ β ). This phenomena corresponds to the quantum effect by the Markov move of type II and its inverse in the symplectic Floer theory. All the higher differentials d k in the spectral sequence count the one dimensional moduli spaces of J-holomorphic curves with larger energy. So the Markov move of type II and its inverse will induce a spectral sequence homomorphism (actually isomorphism) for large k, in particular E ∞ -term is invariant under the Markov move of type II and its inverse (see [15] ). In [19, 22] , these filtered information has been discussed for monotone symplectic manifolds and monotone Lagrangians. 
Proof: Note that the Euler characteristic of the chain complex is same as the Euler characteristic of its induced homology. So the Euler characteristic χ(E k * , * (φ β )) is independent of k. In particular,
Hence the result follows from Corollary 4.3 in [15] .
3. The symplectic Floer homology of composite knots 3.1. The filtration of the composite knots. We first recall the construction of composite knots. Let K j (j = 1, 2) be a knot in S 3 . There is a neighborhood U of p j ∈ K j in S 3 such that the pair (U, U ∩ K j ) is topologically equivalent to the canonical ball pair (B 3 j , B 1 j ). By removing the resulting pairs (B 3 j , B 1 j ) from (S 3 , K j ) and sewing the resulting pairs by a homeomorphism f : (∂B 3 2 , ∂B 1 2 ) → (∂B 3 1 , ∂B 1 1 ), we form the pair connected sum
In the convention, we write the connected sum as K = K 1 #K 2 for the connected sum of knots or the composite knot of K 1 and K 2 .
If the knot K j is represented by a closure of a braid element β j , then the composite knot K 1 #K 2 can be described as the following. If K 1 = β 1 , β 1 ∈ B n and K 2 = β 2 , β 2 ∈ B m , then
where Σ is the shift map on the inductive limit of the B n 's and Σ(σ i ) = σ i+1 . For example, the composite knot of the figure 8
2 and the trefoil K 2 = σ 3 1 is β, where
2 σ 3 3 (see [1] ). Let K 1 and K 2 be oriented knots in S 3 , and let K = K 1 #K 2 be their connected sum. Let µ j ∈ π 1 (S 3 \ K j )(j = 1, 2) be the meridian. By Seifert-Van Kampen's theorem, we have
where the amalgamation homomorphism f :
With the identification of the meridians, we can identify R * (S 3 \ K) [i] in the following.
where Proof: Clearly the three spaces are disjoint. If ρ ∈ R * (S 3 \ K) [i] , then we define ρ j = ρ| π 1 (S 3 \K j ) (j = 1, 2) and write ρ = ρ 1 ⋆ ρ 2 with ρ 1 (µ 1 ) = ρ 2 (µ 2 ). Given ρ j ∈ R * (S 3 \ K j ) [i] we can form ρ = ρ 1 * ρ 2 if and only if ρ 1 (µ 1 ) = ρ 2 (µ 2 ).
If both ρ 1 and ρ 2 are reducible, the representation ρ 1 ⋆ ρ 2 must be reducible. Hence for ρ ∈ R * (S 3 \ K) [i] the restriction ρ j we defined must have at least one irreducible. For
, there is a unique abelian representation s K 2 : π 1 (S 3 \ K 2 ) with ρ 1 (µ 1 ) = s K 2 (µ 2 ) and tr (s K 2 ) = 0. Thus there is a unique way to form ρ 1 ⋆ s K 2 and s K 1 ⋆ ρ 2 up to conjugacy.
is parameterized by U (1) of inequivalent classes since SU (2)/±1 acts freely on the irreducible representations.
Again there is a unique equivalent class of reducible representations in R(S 3 \ K) [i] . Such a reducible representation s K restricts to
The above result has a natural extension to the representations with fixed trace (see [3, 12, 17] ). This is known to Klassen in [13] .
By the identification between Fix (φ β ) and R * (S 3 \ K) [i] , we see that R * (S 3 \ K) [i] are critical points of a H on Ω φ β , where Ω φ β is the space of contractible path γ : R → R * (S 2 \K) [i] with γ(s + 1) = φ β (γ(s)) and β = β 1 Σ n−1 (β 2 ).
We define a nondegenerate critical submanifold as follows.
Comparing with [2] , we only have the relative index for each critical point in M . In our case, the negative normal bundle of the critical submanifold is infinite dimensional. The well-defined relative index (iii) can be used to replace the constant Morse index for the critical submanifold. Condition (ii) says that the manifold M is nondegenerate in the normal direction.
By the deformation theory, the space T ρ R * (S 2 \ K) [i] (the group cohomology of π 1 (S 2 \ K) with twisted coefficients) can be identified with the
Note that on the smooth part R * (S 2 \ K) [i] the Zariski tangent space is the tangent space
, then α is a tangent to a path in the representation variety since all the obstructions (cup product and higher Massey products) vanish. So the kernel of ker A ρg is
g ) the coboundary of 1-cochains in the twisted group cohomology. For any g = e u 0 , we define
This provides an adjoint orbit containing ρ g , and the cocycle corresponding to ρ t is
So u is the coboundary δu 0 . For any path g t = e tv 0 , ρ t = g −1 t (ρ g )g t , the cocycle corresponding to the ρ t is Adρ g v 0 − v 0 . On the other hand,
) is the tangent space of the adjoint orbit through ρ g .
Hence the proof is complete.
Since the symplectic manifold R * (S 2 \ K) [i] is monotone by Lemma 2.3 in [15] , so we have
where
) and a H : Ω φ β → R/α2N Z is well-defined. Next we verify the additivity for the Maslov index.
For each t, u(t, ·) is a contractible path in R(S 2 \K) [i] : {t}×I → R(S 2 \K) [i] . In particular, there is u j (t, ·) is a contractible path in R(S 2 \K j ) [i] such that u 1 (t, ·) = g(t)u 2 (t, ·)g(t) −1 along the meridian and u(t, ·) = u 1 (t, ·) ⋆ u 2 (t, ·). So u 1 (t, s) satisfies u 1 (t, s + 1) = φ β 1 (u 1 (t, s) 
. By the invariance of Maslov index, we have µ U (t,0) = µ U (t,1) , i.e., µ u = µũ 1 ⋆u 2 . The pullback (
with the proper lifting property. By the Maslov class µ,
The other identity follows from the same argument.
Note that the monotone symplectic manifold R * (S 2 \ K) [i] is not a product of the manifolds R * (S 2 \ K 1 ) [i] and R * (S 2 \ K 2 ) [i] . So one can not apply the catenation property directly (for the catenation property of the Maslov index see [4] ). Note that the singularity of the respresentaion space has codimension bigger than 2, our Maslov index discussion can be proved in the space H n (see [15, 20] for the notation). Over the space H n × H m one can apply the catenation property of the Maslov index.
Corollary 3.5. For r j ∈ R φ β j and ρ j ∈ R * (S 3 \ K j ) [i] (j = 1, 2), we have
2 ).
Proof: Note that the Malsov index on R * (S 2 \ K) [i] is calculated with respect to the unique reducible representation
Similarly we obtain the following.
2 ). The second equality follows from the path additivity of the Maslov index (see [4] ), and the last equality from Proposition 3.4 and the previous two identity.
Proof: The proof follows the same argument from Proposition 3.4 with (mod 2N (K j )). So we get
Hence it is independent of the element g ∈ U (1).
By Proposition 3.3 and Corollary 3.6, we have showed that the U (1)-critical submanifold [ρ 1 ⋆ρ 2 ] is a nondegenerate critical submanifold in the sense of Definition 3.2 for ρ j ∈ R * (S 3 \ K j ) [i] (j = 1, 2). By Proposition 3.4, we see that [ρ
2 ] is also a nondegenerate critical submanifold in the sense of Definition 3.2 for the Z-graded symplectic Floer homology.
There is an one-to-one correspondence between the elements inFix (φ β ) and the elements in
j ) ∈ (r j , r j + 2α j N (k j ))}. By Proposition 3.4, we have that Definition 3.7 for the composite knot is well-defined. Fixing the symplectic action with respect to the r j ∈ R φ β j is necessary. Since there are g j,k ∈
j ) (mod 2N (K)) for infinitely many k. I.e., the element g 1,kN 2 ρ
has the same Maslov index n, but different symplectic actions with respect to r j (j = 1, 2). Thus our chain groups C (r 1 ,r 2 ) * (φ β ) is well-defined, finitely generated from C (r j ) * (φ β j )(j = 1, 2), and the integral liftings of C * (φ β 1 Σ n−1 (β 2 ) ) corresponding to r j ∈ R φ β j (j = 1, 2) is the integral chain groups C (r 1 ,r 2 ) * (φ β 1 Σ n−1 (β 2 ) ). See [18, 19] for more discussions on this kind of formulations.
3.2.
Spectral sequences for the composite knots representing by braids. In this subsection, we form a filtered Floer chain complex for the braid β = β 1 Σ n−1 (β 2 ) representing the composite knot K = K 1 #K 2 . The filtered chain complex of the braid naturally associates to a spectral sequence. The spectral sequence converges to the Z-graded symplectic Floer homology I (r 1 ,r 2 ) * (φ β ) and collapses at third term.
For the composite knot K 1 #K 2 = β 1 Σ n−1 (β 2 ) as in §3.1, we know that the Z-graded symplectic Floer chain groups C (r 1 ,r 2 ) * (φ β ) are generated freely by
The free generated group C
is a graded differential group with respect to the boundary map ∂
There is an associated filtration compatible with the grading, defined as follows:
The filtration is an increasing filtration (18) is different from the decreasing filtration (2.12). Again the symplectic action functional is non-decreasing along the gradient flows (J-holomorphic curves). It follows that the Zgraded symplectic Floer boundary map ∂ (r 1 ,r 2 ) :
q−1 (φ β ) preserves the filtration (18) . By the standard method in algebraic topology [26] , we have a spectral sequence induced from the filtration (18) . Lemma 3.8. For the braid β = β 1 Σ n−1 (β 2 ), we have the E 0 * , * and E 1 * , * terms of the filtration (18) given by the following.
2 ), where (ρ 1 ⋆ ρ 2 ) 1 is the critical point of the Morse index 1 in U (1) = ρ 1 ⋆ ρ 2 . Proof: For the differential d r : E r p,q (φ β ) → E r p−r,q+r−1 (φ β ), r ≥ 3, we have E r p,q (φ β ) = 0 for q < 0 or q > 1 by Lemma 3.8. The differential d r has either source zero or target zero. So d r = 0 for all r ≥ 3. Hence the spectral sequence collapses at the third term.
By Theorem 2.14, we can form another spectral sequence from I (r 1 ,r 2 ) * (φ β ) which converges to the Z 2N -graded Floer homology HF sym * (K 1 #K 2 ), where N is the greatest common divisor of N (K 1 ) and N (K 2 ).
In order to make some computations of HF sym * (K 1 #K 2 ), we need to describe all the differentials in Theorem 3.9 and combine the differentials in Theorem 2.14. By Lemma 3.10, we know that there are only two possibly nontrivial differentials d 1 and d 2 . In the section 4, we give a description of d 1 . We do not know how to characterize the differential d 2 yet. We leave it to a future study.
We define the associated Poincaré-Laurent polynomial for the spectral sequence by
By Theorem 2.14, P (r)
Proposition 3.11. The following identities hold.
Proof: Let Z k n,j = ker{d k : E k n,j → E k n+2N k−1,j−1 } and B k n,j = Im d k ∩ E k n,j . There are two short exact sequences: K (E k+1 * , * , t).
Note that the spectral sequence converges at finite steps. So the identity (21) follows from by iterating the identity (20) and using Theorem 2.14.
Note that χ K (E k * , * (φ β )) = P (r)
K (E k * , * (φ β ), −1) and Corollary 2.17 is an easy consequence of Proposition 3.11. By Lemma 3.8 and Theorem 3.9, we obtain χ K 1 #K 2 (E 1 * , * (φ β )) = χ K 1 (E 1 * , * (φ β 1 )) + χ K 2 (E 1 * , * (φ β 2 )). (22) By Corollary 2.17 and (22), χ K 1 #K 2 (E k * , * (φ β )) = χ K 1 (E k * , * (φ β 1 )) + χ K 2 (E k * , * (φ β 2 )). In particular, we have the equality on the E ∞ -term:
Thus we obtain the classical result sign(K 1 #K 2 ) = sign(K 1 ) + sign(K 2 ), (23) as one of identities from our spectral sequence for the symplectic Floer homology of the braid.
Description of d 1
We are going to define two special boundary maps which are not used in the definitions of the Z-graded and the Z 2N -graded symplectic Floer homologies in [15] and §2 of the present paper. These two special boundary maps do contribute for the composite knot. In particular, these two special boundary maps are part of the differential d 1 in the spectral sequence in Theorem 3.9 and Proposition 3.10. In the gauge theory, we have the same special boundary maps used in the instanton Floer homology of connected sums of two integral homology 3-spheres [16, 18] . Note that by fixing µ (r) (s K ) = 0, both maps d β and δ β are counting the one dimensional moduli spaces from/to the unique reducible representation s K . Proof: The proof is similar to the proof that ∂ (r) •∂ (r) = 0 in Lemma 2.8 for the Z-graded symplectic Floer chain complex of a braid (also see [6, 15] ).
Note that for the Floer boundary map ∂ in [15] Remarks: (i) The identification of d 1 is highly depending on the monotonicity of R * (S 2 \ K) [i] . By [6] and Proposition 3.4, we reduce the problem to the moduli space with special asymptotic values (one of ρ j and ρ ′ j (j = 1, 2) agrees). Then we construct a cobordism to compute the first differential d 1 .
(ii) In [16, 18] , we studied the structure of all moduli spaces with index ≤ 4 by a gluing result. Using certain cohomology classes, we identified all the higher differentials in [18] . In order to identify d 2 in Theorem 3.9, we need to get the local structure of J-holomorphic curves on R * (S 2 \ K) [i] which is similar to the gluing result in [16] , and then find the correct cohomology class of degree one for the differential d 2 . We will discuss this elsewhere.
(iii) Note that R * (S 2 \ K) can be identified as a symplectic fiber product of R * (S 2 \ K 1 ) and R * (S 2 \ K 2 ). We hope that our discussion in this paper may shed a light on the study of the symplectic Floer homology of the fiber product of two symplectic manifolds.
